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Abstract 

We find that in presence of noncommutative poisson brackets the relation between 
Lagrangian and Hamiltonian is modified. We discuss this property by using the path 
integral formalism for non-relativistic systems. We apply this procedure to the har¬ 
monic oscillator with a minimal length. 


1 Introduction 


The lack of a consistent theory of qnantnm gravity has inspired many proposals to overcome 
this problem. Between them we have explored in the last few years the possibility, snggested 
by the high energy limit of string theory [1], of deforming the canonical commntation rnles 
giving rise to a non-zero minimal nncertainty in position measnrements. This introdnces a 
natnral UV cntoff from the beginning, which is also compatible with Lorentz invariance. It 
is pretty clear that this eventnal minimal observable length shonld occnr at Planck scale. 

Unfortnnately there are very few resnlts obtained in this direction, and we felt that 
is was necessary to derive a more systematic approach. In this paper we have stndied 
the interconnection between the path integral formalism and the non-commntative Poisson 
brackets which prepare the classical system to the non-commntative qnantization ( see also 

H). 

For technical reasons we have confined onr stndy to the Id non-relativistic case where 
well defined resnlts can be obtained, postponing the generalization to the Snyder geometry 
to a fntnre research. 

We carefnlly analyze all the steps which nsnally transform the transition amplitnde to a 
fnnctional integration, hnding that, at least in the Id non-relativistic case, the main differ¬ 
ence with the canonical qnantization can be characterized with a modihcation of the relation 
between the Lagrangian and the Hamiltonian. Already at a classical level the same eqna- 
tions of motion, obtained with the non-commntative Poisson brackets in the Hamiltonian 
formalism, can be derived with the modified Lagrangian fonnd in the path integral approach. 

To test onr formal derivation on a practical example, we snccessfnlly apply the non- 
commntative path integral formalism to the harmonic oscillator recovering a known corre¬ 
spondence between the harmonic oscillator with a minimal length and an ordinary problem 
of qnantnm mechanics. 


2 Deformed quantum mechanics 

In the Id non-relativistic case, we are going to snbstitnte the classical Poisson brackets with 
noncommntative ones defined as 


{x,p} — 1 + 


( 2 . 1 ) 


The corresponding noncommntative operatorial qnantization is formally obtained by pro- 
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moting the phase space coordinates to linear operators acting in a linear space "H together 
with the condition that these operators satisfy to the commutation rules given by ih times 
the corresponding noncommutative Poisson brackets 

[x,p] = ih{l + f3p^) (2.2) 

Given a generic state I?/) > in the linear space "H its temporal evolution is determined by 
the Hamiltonian operator 


zh ^ 1^ > = H\ij> (2.3) 

Given an initial state li^i >, describing a system at an initial time ti, the solution of the 
Schrodinger equation is formally given by, for time independent Hamiltonians, 

|z/’(f) > = e~^ ^ \ilJi > (2.4) 

Physically we are interested in the transition amplitude that the system is described at 
a hnal time tf by the state described by 1-0/ >, which is obtained by projecting on this state 
the solution of the Schrodinger equation 

< ^ 1^. > (2.5) 

In this article we will concentrate on obtaining representations of this amplitude through 
the functional integrals. 


3 Functional integral in phase space 

We will specify the Hamiltonian operator for a particle with mass m living in one spatial 
dimension as 
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H{x,p) = ^ + V{x) (3.1) 

2m 

Without loss of generality we can consider the matrix element 

H = < > (3.2) 
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where T = {tf — U) is the time of particle propagation and Pi,Pf are eigenstates of the 
momentum operator. We can use the completeness relation for the momentum eigenstates 

/ = y dp \p >< p\ < p\p'> = S{p — p') (3.3) 

The functional integral connected to the non commutative Poisson brackets fl2.ip can be 
derived in the following way. We can represent the transition amplitude fl3.2p as a product 
of N factors and then we can insert — 1 times the completeness relation 


iT Tj. 

N-l N 


N 


A = < Pf\{e |p. > = < e e ... e \pi > 


(J]^ dpk) <Pk\e \pk-i > 


k=l 


k=l 


(3.4) 


where we have dehned po = Pi, Pn = Pf, ^ 

The next step is using N times the completeness relation for the coordinate eigenstates 
( studied in 0) 


/ 


fdx 


/ — \x >< x\ 

< x\x' > 

} 7 



(3.5) 


This frame is not orthonormal due to the space fuzziness. Indeed the eigenstates \x > 
form a overcomplete basis because they contain a one parameter family of orthonormal 
frames ( for details see 0 )). We end up with the following formula 


r r ^ ri ^ 

A = /(ji n \pk-^ > (3-6) 

'' k=l A:=l 

This is still an exact formula, but now we are going to use approximations which are well 
dehned only in the limit ^ oo ( e —)■ 0). To derive the functional integral it is necessary 
to evaluate the following matrix element 


< > = < a:|p > (3.7) 

2 

where H{x,p) = ^ + yix)- 

A crucial point for the noncommutative case is substituting for the wave function of the 
coordinate eigenstates ( derived in [3] ) 
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(3.8) 


< p\x > ~ 


ip-x 

e V0p^ 


arctan 



At this level the transition amplitude is represented by integrals that do not contain 
operators anymore. It is now easy recognizing that in the e —?• 0 limit the exponent reduces 
to the following classical action 


A = j VpVx 

S[x,p] = - X + H{x,p)^ (3.9) 

where T = Ne is the total propagation time. In general this amplitude is not else that 
the formal sum on all possible paths weighted by the exponent of | times the classical action. 

Therefore we have derived the form of the Lagrangian corresponding to the non-commutative 
Poisson brackets (12.Ih which can be recast also as 


C 

{x,p} 


arctan 

1 + / 5 / 


X 


H(x,p) 


(3.10) 


The non-commutative deformation has strongly modihed the relation between the La¬ 
grangian and the Hamiltonian for a generic Id non-relativistic system. 


4 Classical solutions 

The equations of motion for a generic Hamiltonian H{x,p) generated by the modihed Poisson 
brackets fl2.ip are of the type ( see also |lj ) 

X = {x, H} 

p = {p,H} (4.1) 

Remarkably they are still compatible with energy conservation 

E ^ ^ + Vi.x) ( 4 . 2 ) 
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from which it is possible to derive the following first integral 


dx 


Jx(o) ^j2m{E - ld(x))(l + /3 2m{E-V{x)) m 
Specializing to the harmonic potential 


(4.3) 


2^2 


V{x) = - muj^x 

one can derive by using energy conservation 


(4.4) 


X = — (1 + (dp^) = \l — (1 + /5 {2mE)) \/l — ax'^ (1 — 
m \ m 


2E 


where the parameters 


(4.5) 


mu 


a = 


b = 




2E “ 1 + /3{2mE) 

The first integral fl4.3p is solved in this case by 


(4.6) 


X = = ^ = ut^W^ {2mE) 

y a — 0 cos^^ 

! -— \/a — b cos i , 

p = \/ 2mE = (4.7) 

\/a — b cos'^^ 

It is worth noticing that the same equations of motion can be described with a Lagrangian 
formalism 


d^HO — 


arctan 

- 7= - X 


p 

2m 


y/]3 2m 2 

where the relation between p and x is implicitly defined by 


2 9 

- muj X 


(4.8) 


X - — (I + I3p^) 
m 


(4.9) 


Now we are ready to quantize the harmonic oscillator with non-commutative Poisson 
brackets, known as the harmonic oscillator with a minimal length. 
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5 Quantization of the harmonic oscillator 


By using the results of the third section, the non-commutative quantization of the harmonic 
oscillator can be rigorously defined by the following functional integral 


A 

Sho[x,p] 


j Vp Vx 



P X + — 
1 + j3p‘^ ^ 2m 


1 

+ - mu 


2 



(5.1) 


Let us notice that, thanks to the particular potential of the harmonic oscillator, the 
functional integration in x space is simply a Gaussian integral and can be solved exactly 


A = 
5[p] = 


Vp e 

r-T 

dt 


-Pb] 


'0 


p 


2mu‘^ (1 + fdp^Y 


p 

2m 


(5.2) 


The remaining integral can be mapped to a standard problem with the following trans¬ 
formation 


p = —= tanh(Q(x) a = \/^ 

VP 


m u 


(5.3) 


from which the resulting Lagrangian has a well known form 


^ ~ + 2m/3 Jh^(a x) 

We have been able to map the non-commutative quantization formula to a classical 
problem of quantum mechanics with potential 

= ■ 2m/Jcosh^(a X') 

The connection between the non-commutative quantization of an harmonic oscillator and 
this precise problem of ordinary quantum mechanics has been already noticed in our previous 
paper j5]. Now we recover it with the path integral formalism, giving us stronger confidence 
on the formal manipulations made in the third section. 
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6 Conclusions 


The introduction of a fundamental minimal length in a quantum system gives rise to impor¬ 
tant consequences that are still mostly unexplored. For example a simple lesson that we learn 
from this article is that a Lagrangian formalism is possible in presence of modihed Poisson 
brackets of a Hamiltonian system. Since the path integral formalism is strictly connected 
to the Lagrangian formalism, this implies that the non-commutative quantization of a Id 
non-relativistic system with generic potential V(x) can be represented through a functional 
integration. All these results have been rigorously tested both at a classical level with the 
equations of motion and at a quantum level with the non-commutative quantization of a 
harmonic oscillator. 

It is clear that non-commutativity leads to more complicated formulas and unfortunately 
most of the potentials V{x) are non integrable systems, therefore our path integral repre¬ 
sentation should be investigated through perturbative methods. Another development could 
be the generalization to higher degrees of freedom, with the introduction of the Snyder 
geometry. We expect that a deeper study is needed to overcome these problems. 
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